Abstract. The purpose of this paper is to introduce Hom-prealternative superalgebras and their bimodules. Some constructions of Hom-prealternative superalgebras and Hom-alternative superalgebras are given, and their connection with Hom-alternative superalgebras are studied. The corresponding bimodules and their relationships are dicussed.
Introduction
Hom-algebraic structures have recently become popular, due in part to the prospect of having a general framework in which one can produce many types of natural deformations of algebras. GHom-associative algebras [20] , Hom-alternative algebras, Hom-Malcev algebras and Hom-Jordan algebras [31] , Hom-Poisson algebras [19] , and Constructions of n-Lie algebra and Hom-Nambu-Lie algebras [7] were studied.
These algebras has been extended to the graded case, among which one can cite Hom-associative color algebras [29] and Hom-Lie color algebras [29] , Color Hom-Poisson algebras [9] , Modules over some color Hom-algebras were studied in [10] under the name of generalized Hom-algebras and also references therein. In particular, when the abelian group G giving the graduation is Z 2 the corresponding G-graded Hom-algebras are called Hom-superalgebras.Many works are done in this sense likewise Hom-Lie superalgebras, Hom-Lie admissible superalgebras [14] , Rota-Baxter operator on pre-Lie superalgebras and beyond [3] , The construction of Hom-Novikov superalgebras [25] . The Hom-alternative superalgebras are introduced in [1] as a Z 2 graded version of Homalternative algebras [16] . Their relationships with Hom-Malcev superalgebras [1] , Hom-Jordan superalgebras are established. The last one find their application in geometry of smooth loops and quantum mechanics respectively.
The aim of this paper is to study the Z 2 graded version of Hom-prealternative algebras and their bimodules. In section 2, we recall some basic notions on Hom-alternative superalgebras and their bimodules. We prove that bimodules over Hom-alternative superalgebras are close by twisting and direct product. Next, we show that the tensor product of commutative Hom-associative superalgebras and Hom-alternative superalgebras is also a Hom-alternative superalgebras. Then we recall de definition of Hom-Jordan superalgebra. Section 3 is devoted to Hom-prealternative superalgebras.
We point out that to any Hom-prealternative superalgebra one may associate a Hom-alternative superalgebra, and conversly to any Hom-alternative superalgebra it corresponds a Hom-prealternative superalgebra via an O-operator. Construction of Hom-prealternative superalgebras by composition is given. Then we study the relationship between bimodules over Hom-prealternative superalgebras and the bimodules of the corresponding Hom-alternative superalgebras. Finally, we give a construction of bimodules over Hom-prealternative superalgebras by twisting.
Throughout this paper, all vector spaces are assumed to be over a field K of characteristic different from 2.
Preliminaries
In this section, we recall some notions and given some results related to Hom-alternative superalgebras.
Let A be a Z 2 graded vector space with direct sum A = A 0 ⊕ A 1 . The element of A j , j ∈ Z 2 , are said to be homogeneous of parity j. The parity of a homogeneous element x is simply denote x (instead |x| in most case). In the sequel, we will denote by H(V) the set of all homogeneous elements of A.
Definition 2.1. a) By a Hom-superalgebra we mean a triple (A, µ, α) in which A is a K-super-espace (Z 2 graded vector space), µ : A × A → A is an even bilinear map, and α : A → A is an even linear map. b) Let (A, µ, α) be a Hom-superalgebra. The Hom-associator of A is the even trilinear map as µ :
In terms of elements, the map as µ is given by
A → A is an endomomorphism is said to be multiplicative, and the condition
is called the multiplicativity.
Definition 2.2.
A Hom-associative superalgebra is a triple (A, •, α) consisting of a Z 2 -graded vector space, an even bilinear map • : A × A → A and an even linear map α : A → A satisfying the associativity super-identity, that is for all x, y, z ∈ H(A),
A left Hom-alternative superalgebra (resp. right Hom-alternative superalgebra) is a triple (A, •, α) consisting of a Z 2 -graded vector space, an even bilinear map • : A × A → A and an even linear map α : A → A satisfying the left Hom-alternative super-identity, that is for all x, y, z ∈ H(A),
repectively, right Hom-alternative super-identity, that is
A Hom-alternative algebra is one which is both left and right Hom-alternative superalgebra. In particular, if α is a morphism of alternative superalgebras, then we call (A, •, α) a multiplicative Hom-alternative superalgebra.
Definition 2.4. A Hom-flexible superalgebra is a triple (A, µ, α) consisting of Z 2 -graded vector space A, an even bilinear map µ : A × A → A satisfying the Hom-flexible super-identity, that is for any x, y, z ∈ H(A),
Definition 2.5. Let (A, •, α) be an alternative superalgebra. An alternative bimodule consists of a supervector space V and two even bilinear maps
such that,for any homogeneous elements x, y ∈ A and v ∈ V,
Remark 2.6. x ≻ v means the left action of x on v and v ≺ x means the right action of x on v. Which can be respectively rewritten L ≻ (x)v and
The below result asserts that bimodules over Hom-alternative superalgebras are closed under twisting.
Recall that if V = ⊕ a∈Z 2 V a and V ′ = ⊕ a∈Z 2 V ′ a are two Z 2 -graded vector spaces. The tensor product V ⊗ V ′ is also a Z 2 -graded vector space such that for α ∈ Z 2 , we
Thus we have the following result :
Theorem 2.8. Let (A, •, α) be a commutative Hom-associative superalgebra and (A ′ , • ′ , α ′ ) be a Hom-alternative superalgebra. Then the tensor product (A ⊗ A ′ , * , α ⊗ α ′ ) is a Hom-alternative superalgebra with
Proof. To simplify the typography, we omit the products"•" and "
It follows that
By the super-commutativity (i.e. xy = (−1) xy yx) and the Hom-associativity (2.1), we get
The left hand side vanishes by the left Hom-alternativity of A ′ . Similarly, we prove the right Homalternativity.
Definition 2.9.
[8] A left averaging operator (resp. right averaging operator) over a Hom-alternative superalgebra (A, ·, α) is an even linear map β : A → A such that α • β = β • α and
An averaging operator over a Hom-alternative algebra A is both left and right averaging operator i.e.
Proposition 2.10. Let (A, ·, α) be a Hom-alternative algebra and let β : A → A be an element of the centroid. Then
is a Hom-alternative superalgebra.
Proof. For any x, y, z ∈ H(A),
By the left Hom-alternativity,
The right Hom-alternativity is similarly proved.
Definition 2.11. [8] A left averaging operator (resp. right averaging operator) over a Homalternative superalgebra (A, ·, α) is an even linear map β : A → A such that α • β = β • α and
An averaging operator over a Hom-alternative superalgebra A is both left and right averaging operator i.e.
Proposition 2.12. Let (A, ·, α) be a Hom-alternative superalgebra equiped with an averaging operator ∂. Then A is a Hom-alternative superalgebra with respect to the multiplication * :
and the same twisting map α.
On the one hand, echanging the role of x and y, it follows that
On the other hand, echanging the role of y and z, it follows that
This completes the proof. 
is satisfied for all x, y, z, t ∈ H(A), where x,y,z denotes the cyclic sum over (x, y, t) ans as • is the Hom-associator.
Theorem 2.14.
[1] Let (A, •, α) be a multiplicative Hom-alternative superalgebra. Then A is HomJordan admissible, in the sens that the Hom-superalgebra
is a multiplicative Hom-Jordan superalgebra, where x * y = xy + (−1) xy yx.
Main results
Along this section, we introduce Hom-prealternative superalgebras, we give some contruction theorems and we study their connection with Hom-alternative superalgebras. The associated bimodules are also discussed.
Prealternative superalgebras
Definition 3.1. A Hom-prealternative superalgebra is a quadruple (A, ≺, ≻, α) in which A is a supervector space, ≺, ≻: A ⊗ A → A are even bilinear maps and α : A → A an even linear map such that for any x, y, z ∈ H(A),
where 
for any x, y ∈ H(A). b) A Hom-prealternative superalgebra (A, ≺, ≻, α) in which α : A → A is a morphism is called a multiplicative Hom-alternative superalgebra.
Remark 3.3. Axioms (3.1) and (3.2) can be rewritten respectively as :
Remark 3.4. If (A, ≺, ≻, α) is a Hom-prealternative superalgebra then so is (A, ≺ λ = λ· ≺, ≻ λ = λ· ≻, α).
Using the following notations [21] , [15] :
the axioms in the Definition 3.1 of Hom-prealternative superalgebras can be rewritten as
for any x, y, z ∈ H(A). Proof. For any x, y, z ∈ H(A)
The left alternativity is proved analogously.
Note that the left and right Hom-alternativity for dialgebras is not defined in the same way that the one of algebras with one operation; so the two terminologies must not be confused. Proof. We prove the only one axiom (3.3), the others are done similarly. Then, for any x, y, z ∈ H(A), we have
The last line vanishes by axiom (3.4).
Observe that Alt(A ′ ) = Alt(A) op i.e. x • ′ y = (−1) xy y • x, for x, y ∈ H(A).
Theorem 3.10. Let (A, ≺, ≻, α) be a Hom-prealternative superalgebra. Let us define, for any homogeneous elements x, y in A the operation
Then (A, •, α) is a Hom-alternative superalgebra, which is called the associated Hom-alternative superalgebra of (A, ≺, ≻, α) and denoted by Alt(A) = (A, •, α). We call (A, ≺, ≻, α) a compatible Hom-prealternative superalgebra structure on the Hom-alternative superalgebra Alt(A).
Proof. Let us prove the left alternativity. For any homogeneous elements x, y, z ∈ A,
The left hand side vanishes by using one axiom (3.3) and twice axiom (3.6).
From Theorem 2.14, Theorem 3.9 and Theorem 3.10, we have Corollary 3.11. Let (A, ≺, ≻, α) be a multiplicative Hom-prealternative superalgebra. Then (A, * , α) is a multiplicative Hom-Jordan superalgebra with
Now, let us introduce the notion of O-operator for Hom-alternative superalgebras. 
and
Theorem 3.13. Let T : V → A be an O-operator of the Hom-alternative superalgebra (A, •, α) associated to the bimodule (V, L, R, β). Then (V, ≺, ≻, β) is a Hom-prealternative superalgebra structure, where
is the associated Hom-alternative superalgebra of this Hom-prealternative superalgebra and T is a homomorphism of Hom-alternative superalgebras. Furthermore, T (V) = {T (v), v ∈ V} ⊂ A is a Hom-alternative subalgebra of (A, •, α) and (T (V), ≺, ≻ , α) is a Hom-prealternative superalgebra given by
Moreover, the associated Hom-alternative superalgebra (T (V), • =≺ + ≻, α) is just the Hom-alternative subalgebra structure of (A, •, α) and T is a homomorphism of Hom-prealternative superalgebras.
Proof. For any homogeneous elements u, w, w ∈ V,
The other identities are checked similarly, and the rest of the proof is easy.
Definition 3.14. A Hom-alternative Rota-Baxter superalgebra of weight λ is a Hom-alternative superalgebra (A, ·, α) together with an even linear self-map R :
Corollary 3.15. Let (A, ·, α) be a Hom-alternative superalgebra and R : A → A a Rota-Baxter operator of weight 0 on A. Then a) A R = (A, ≺, ≻, α) is a Hom-prealternative superalgebra with
x ≺ y = x · R(y) and x ≻ y = R(x) · y, for any homogeneous elements x, y in A. b) (A, •, α) is also a Hom-alternative superalgebra with
Proposition 3.16. Let (V, ≺, ≻, β) be a bimodule over the Hom-alternative superalgebra (A, ·, α) and R : A → A a be Rota-Baxter operator of weight 0 on A. Then, (V, ⊳, ⊲, β), where
Proof. For any homogeneous elements x, y ∈ A and v ∈ V,
The other identities are proved similarly.
Theorem 3.17. Let (A, ≺, ≻, α) be a Hom-prealternative superalgebra and β : A → A an even Homprealternative superalgebra endomomorphism.
is another prealternative superalgebra and α ′ : A → A ′ be a prealternative superalgebra endomomorphism. If f : A → A ′ is a prealternative superalgebra morphism that satisfies f
is a morphism of Hom-prealternative superalgebra.
Proof. For all x, y, z ∈ H(A),
The other axioms are proved similarly. For the second part, we have
We have analog equalities for ≻ α and ≻ ′ α ′ . This completes the proof.
By taking β = α 2 n −1 , we obtain Corollary 3.18. Let (A, ≺, ≻, α) be a multiplicative Hom-prealternative superalgebra. Then a)
is a multiplicative Hom-prealternative superalgebra, and A n is called the nth derived multiplicative Hom-prealternative superalgebra. b)
is a multiplicative Hom-lternative superalgebra, and A n is called the nth derived multiplicative Hom-alternative superalgebra.
Bimodules of prealternative superalgebras
Definition 3.19. Let (A, ≺, ≻, α) be a Hom-prealternative superalgebra. An A-bimodule is a supervector space V together with an even linear map β : V → V and four even linear maps
satisfying the following set of relations : 27) where gl(V) is the set of even linear maps of
for any homogeneous elements x, y, v, where • =≺ + ≻.
Remark 3.20. Axioms (3.18)-(3.27) are respectively equivalente to : 
is a bimodule over the Hom-prealternative superalgebra A R = (A, ≺, ≻, α).
Proof. For any homogeneous elements x, y ∈ A and v ∈ V, we have
The other axioms are proved in the same way. iii) It is clear.
Theorem 3.24. Let (V, L ≺ , R ≺ , L ≻ , R ≻ , β) be a bimodule over the multiplicative Hom-prealternative superalgebra (A, ≺, ≻, α) and Alt(A) = (A, •, α) the associated Hom-alternative superalgebra. Then,
Proof. We only prove axiom (2.4). Then, for any homogeneous elements x, y ∈ A and v ∈ V, we have The others axioms are proved similarly.
